Abstract-This paper presents a novel controller based on multi-resolution decomposition using wavelets. The controller is similar to a Proportional-Integral-Derivative controller in principle and application. The output from a motion control system represents the cumulative effect of uncertainties such as measurement noise, frictional variation and external torque disturbances, which manifest at different scales. The wavelet is used to decompose the error signal into signals at different scales. These signals are then used to compensate for the uncertainties in the plant. Through hardware results on a motion control system this controller is shown to perform better than a PID in terms of its ability to provide smooth control signal, better disturbance and noise rejection.
I. INTRODUCTION
The wavelet transforms, developed earlier as a mathematical tool [2, 6, 7] , has in recent years been used in various industrial applications. Wavelets possess two properties that make them especially valuable for data analysis: they reveal local properties of the data and they allow multi-scale analysis. Their locality is useful for applications that require online response to changes, such as controlling a process. Recently, some work has been reported on use of time-frequency localization of wavelet transforms in process control industry [1, 3, 4] . These applications have been limited to mostly signal analysis and processing that indirectly help to improve the performance of the control systems. In this paper, a direct application of wavelet transform to controller design is proposed. In particular, based on the multi-resolution decomposition property of wavelet, a wavelet controller analogous to the well-known Proportional-IntegralDerivative (PID) controller is presented.
The PID controller has been around for more than eighty years [8] and is still widely used across the industry. In addition to its effectiveness as a control means, the reasons for its longevity can be traced to the facts that it is easy to implement in analog circuits and is intuitive, which makes it easy to tune. On the other hand, this very simplicity limits the performance of PID controllers. Various attempts have been made to enhance the PID controller, such as the nonlinear PID, or PID with nonlinear gains. See, for example, [9] . The wavelet transform seems to provide another vehicle in developing high performance controllers based on the PID principles.
In general, a PID controller takes as its input the error (e), acts on the error to generate a control output (u), as shown in the following equation:
Where k p, k I , and k D are the PID gains to be selected. The three terms in this controller intuitively represent the current, the past and the trend of the error. Arguably, it is this error-based design philosophy that has made the PID a successful controller in industrial settings, where the plant is often highly nonlinear, uncertain, and time-varying.
The controller in (1.1) can be described as linear PID since u is a weighted sum of the error, the integration of the error and the derivative of the error. One type of proposed improvements (see, for example, [9] ) is to use nonlinear gains in PID, which make it more powerful and flexible. In this case, the control law is described as
where g p (.) , g I (.), and g D (.) are certain nonlinear functions.
In this paper, we proposed a generalization of PID based multi-resolution decomposition of the error by using wavelets. The basic idea is that if e is decomposed as where k i are controller parameters to be determined.
Here, applying wavelet decomposition to (1.3) extracts detailed information from the error signal, as well as the cumulative effect of many underlying phenomena such as process dynamics, measurement noise, effects of external disturbances etc., which manifest on different scales. Then, each of these components in the error is scaled by its respective gain, and then added together to generate the control signal u. Note that the wavelet decomposition provides much higher resolution than the traditional PID in describing the history and predicting the immediate future of the error. Therefore, we name this controller multiresolution PID, or MRPID.
In Section II, a brief description of wavelet transforms and multi-resolution decomposition is given. The framework of a Wavelet Controller is discussed in Section III. The motion control system and experimental results are shown in Section IV. Finally, some concluding remarks are included in Section V.
II. WAVELETS AND MULTI-RESOLUTION

DECOMPOSITION
Multi-resolution analysis is a convenient framework for hierarchical representation of functions or signals on different scales. The basic idea of multi-resolution analysis is to represent a function as a limit of successive approximations. Each of these successive approximations is a smoother version of the original function with more and more of the finer "details" added. Wavelets are terminating basis vectors used to decompose signals into a set of coefficients. Consider a continuous signal, f(t), and generate the following sequence of approximations [2] ,
Each approximation is expressed as the weighted sum of the shifted versions of the same function, φ(τ), which is called the scaling function. If the (m+1)th approximations is required to be a refinement of the mth approximation, then the function φ(2 m t), should be a linear combination of the basis functions spanning the space of the (m+1)th approximation, i.e.
represents the space of all functions spanned by the orthogonal set, {φ(2 (m+1) t -k); k ∈Z, the set of integers}, and V (m) the space of the coarser functions spanned by the orthogonal set, {φ (2 (m) 
, is the space that contains the information added upon moving from the coarser, f (m) t, to the finer, f (m+1) (t), representation of the original function, f(t). Mallat [2] shows that there are spaces, W (m) that are spanned by the orthogonal translates of a single function, ψ(2 (m) t), thus leading to the following equation
The function, ψ(2 (m) t), is called a wavelet and is related to the scaling function φ(2 (m+1) t), through the following relationship
h(k) and g(k) from a conjugate mirror filter pair. Summarizing the discussion a wavelet series representation of the signal f(t) is given by
Where, ) (t φ and ) (t ψ are the conjugate functions corresponding to φ(t) and ψ(t) respectively.
Thus a wavelet transform decomposes a signal f(t) into trend (c) and detail coefficients (d) as given in (2.6). The first step in decomposition consists of computing the trend and detail coefficients. Thereafter, the trend coefficients combined with the scaling function as a basis is used to regenerate the trend signal (left side of the summation in (2.6)) and the detail coefficients using the wavelets as a basis is used to regenerate the detail signal (right side of the summation in (2.6)). The trend signal captures the high scale (low frequency) information and detail signal captures the low scale (high frequency) information contained in the signal f(t). Depending upon the number of decomposition levels the end product of a multi-resolution decomposition is a set of these signals at different scales (frequencies) as shown in (2.7 
III. WAVELET CONTROLLER
In general, a PID controller takes as its input the error, e, then acts on the error so that a control output, u, is generated as shown in (1.2). Gains K P , K I and K D are the Proportional, Integral and Derivative gains used by the system to act on the error, integral of the error, and derivative of the error respectively. In terms of frequency information the proportional and integral terms tend to capture the low frequency information of the error signal and derivative captures the high frequency information of the signal. In a similar manner, a MRPID decomposes the error signal into its high, low and intermediate scale components using (2.7). Each of these components are scaled by their respective gains, and then added together to generate the control signal u as shown in (3.1).
Unlike a PID controller, which has three tuning parameters (gains) a MRPID can have two or more parameters based on the number of decomposition levels of the error signal.
For example, a one-level decomposition yields a low and a high-frequency component.
So a controller with a one-level decomposition will have two gains. In order to capture more information if a two-level decomposition is done on the error signal, we end up with three frequency components. Each of these components can be scaled by a gain and added to generate the control signal.
A schematic diagram of a plant using MRPID is shown in Fig. 1 . Since there are a number of different wavelets, choice of a wavelet affects the performance of the controller. In general there are two kinds of choices to make: the system of representation (continuous, discrete) and the properties of the wavelets themselves: for example, the number of degree of regularity. A common theme in choice is trade off. If you want more resolution in frequency, you get less in time; if you want more vanishing moments you must increase the size of wavelet. In our application we found "Daubechies" of order 4 suitable for control. All physical systems are subjected to some types of extraneous signals or noise during operation. Therefore, in the design of a control system, consideration should be given so that the system is insensitive to noise and disturbance. The effect of feedback on noise and disturbance greatly depends on where these extraneous signals occur in the system. But in many situations, feedback can reduce the effect of noise and disturbance on the system performance. In practice disturbance and commands are often low-frequency signals, whereas sensor noises are often high-frequency signals. This makes it difficult to minimize the effect of these uncertainties simultaneously. It is under these conditions that MRPID performs extremely well. Fig. 2 shows the comparison of signals generated by applying a PID scheme (error, differential of error and integral of error) to the error signal and a multi-resolution decomposition (low scale, medium scale and high scale) of the error signal. The high scale signal filters out noise and high frequency distortion from the error signal. Increasing the gain corresponding to high scale signal (K H ) pushes the control bandwidth and improves the disturbance rejection of the plant. Consider the medium scale signal in the Fig. 2 . It approximates the differential of the error signal with low gain and it has very low noise content compared to pure differentiation. Such a noise free differentiation enables us to increase the corresponding gain and add damping to the plant thereby improving its transient response. The lowest scale signal filters out the noise. By adjusting the lowest scale gain to zero (K L ) we can produce a very smooth control signal and drastically reduce the effect of noise on the plant output. Smooth control effort improves the life of the motor and overall performance of the plant. 
IV. HARDWARE TEST ON A MOTION CONTROL SYSTEM
The experimental setup includes a PC based control platform and a DC brush-less servo system made by ECP (Model 220). The servo system includes two motors, one as an actuator, the other as the disturbance source; a power amplifier and an encoder, which provides the position measurement. The inertia, friction and backlash are all adjustable.
A Pentium 133 MHz PC running in DOS is programmed as the controller.
It contains a data acquisition board to read the position encoder output in the servo system. The sampling frequency is 400Hz. As shown in Fig. 3 , the PC performs the position control of the load disc.
The position signal is read into the microcomputer via the counter board and the control signals are outputted to the motor drive via DAC. The PID and MRPID control algorithms are written in C language. The sub-band coding scheme which uses the filters h(k) and g(k) was used to compute the wavelet decomposition. Both the filters had eight coefficients and the error signal buffer of size 32 was used in the implementation. Three level decomposition of error signal was done and resulting 4 gain parameters were tuned to generate the control signal u using (3.1). 
A. Disturbance Rejection
In order to investigate the disturbance rejection feature of the MRPID, a step torque disturbance is applied using the second motor in the servo system. It occurs after the system reaches the steady state, as shown in Fig. 4 . Compared to the PID the position output recovers from the disturbance much faster in MRPID on account of its ability to accommodate higher gains. Further it can be seen that the control signal of a MRPID is smoother and the steady state error much smaller than that of PID. 
B. Experimental Results
To verify the effectiveness of the MRPID, a series of experiments were carried out. These include 1) Change of set-point from 1 to 10 revolutions. 2) Increase the inertia by 125% (adding two 0.5 Kg weights to the disc at radius of 7.5 cm). 3) Increase the friction by adjusting the rubbing screw in the test setup. 4) Introduce 30 % torque disturbance using the disturbance motor.
For comparison, both PID and MRPID are tested for each scenario and the results are evaluated in terms of overshoot, settling time, steady state error and the rootmean-square error. With P number of samples and ν(t) its mean, the root-mean-square error is given by:
The results from these tests are listed in Table 1 . In general, MRPID performs better than a PID. By assigning low gain to high frequency component (K L ) we can actively remove noise from the control signal. Further in the absence of noise, gain corresponding to low frequency component (K H ) can be tuned to a higher value. This immproves the transient response and disturbance rejection of the plant as can be seen from Fig. 4 . V. CONCLUSIONS A generalized, multi-resolution, PID based on the wavelet transforms is proposed and tested. Just like a conventional PID controller, the MRPID is intuitive and effective. The controller gains have explicit relationship to the characteristics of the error signal, which makes tuning of the controller insightful. The wavelet decomposition, which represents the error signal at different scales, provides higher resolution representation of the error signal than the one used in the existing PID and is the basis of the new controller design. Implementation of the wavelet based multi-resolution controller in hardware shows promising results, particularly in its ability to provide smooth control effort, better noise and disturbance rejection, compared to the existing PID controller. More research efforts are needed to fully explore the potential of this new design concept. 
